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1. (From exercise 3-2.5 of [Car16]) Let S be an orientable surface and let e1, e2 be the
principal directions of S at the point p 2 S with principal curvatures 1,2. Show
the following:

(a) Let v 2 TpS be a unit vector and let ✓ be the angle from e1 to v in the
orientation of TpS. Show that the normal curvature N along v is given by

N = 1 cos
2
✓ + 2 sin

2
✓.

This is known classically as the Euler formula.

(b) Show that the mean curvature H at p 2 S is given by

H =
1

⇡

Z ⇡

0

N(✓)d✓,

where N(✓) is the normal curvature at p along a direction making an angle ✓

with a fixed direction.

2. Show that an orientable surface S that is compact (closed and bounded) has at least
one elliptic point.

3. Show that there exists no compact (closed and bounded) minimal surfaces in R3. A
surface is called minimal if its mean curvature H vanishes everywhere.

4. (Exercise 3-2.17 of [Car16]) Suppose S is a regular surface with orientation N so
that dNp 6= 0 for all p 2 S. If the mean curvature H vanishes on S and S contains
no planar points, show that the Gauss map dNp : TpS ! TpS satisfies

hdNp(v), dNp(w)i = �Kphv, wi

for all p 2 S and v, w 2 TpS and where Kp denotes the Gaussian curvature of S at
p.

Hifs write everything in the basis Se,23 of TpS.

Recall kn at paling
veTpS is quien by
KN =<-dNp(v) , vS.

Hifs write everything in the basis Se,23 of TpS.
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S let U= NXT, then Em ,
T
,N3 spac R3
.

wecan write"(s) = Kgh+ knN ·& Try
i

V= coste, +site

kn = <-dNp(v) , v
= -dNp(uste , + sitez). , este, sinfez).
= cost(dNp(e) + sit(dNp(ez)) , coste,+switez)
= astke, + Smitkzez

,
coste

, +s intens.

= K , 0528 + 12 sity
/



3)* (Hdo= 1
,
058 + Kasmizada

= ( , (l(22))+2 (2))o
=( + In)) .

= [Cki-ke) = Hy
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2. Show that an orientable surface S that is compact (closed and bounded) has at least
one elliptic point.

idifie,an
C

at some point PoES . Let < bea regular caremis S .t<(b) =po.
So by2nd deviative test,
kf(x(t)) = 0 => 2x(0)

, <(0)) =0 .

f((t))Ex(o ,a)+xClO= 1
.

at po , Np.= :

Then (D)
,
wehere

02 <"(s) ,a(s) + 1

= <"(b)
, 11x(0) /INpo> + 1 .

So we free Np .1(b) , so↓= < x(s)
· Npo) = <"(0) ,Np) + <x'(0) , dNp(x'@)))

= < a(s) , -dNp . (x'(b)))+ 1

So what we got is
h(x'()) -1 where his the second fundamental

ll(0)()
.

form of Satpo.



Kix +Kids into Where Xi,dare the

components of <10) withe basis [21 , 25 of principal
directions.

So Ki
, 12 have same sign and Kp= K ,Kn 30·

/
.
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3. Show that there exists no compact (closed and bounded) minimal surfaces in R3. A
surface is called minimal if its mean curvature H vanishes everywhere.

If : H = 2 (k , +Kz) · So if H=O ferall p ,
then Ki

,
Kn have opposite highs everywhere
.

But by previous question, there must be at least
oneelliptic point, Je., po where K

, (po) , Kalpo) there
sure sign · Contradiction

./
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4. (Exercise 3-2.17 of [Car16]) Suppose S is a regular surface with orientation N so
that dNp 6= 0 for all p 2 S. If the mean curvature H vanishes on S and S contains
no planar points, show that the Gauss map dNp : TpS ! TpS satisfies

hdNp(v), dNp(w)i = �Kphv, wi

for all p 2 S and v, w 2 TpS and where Kp denotes the Gaussian curvature of S at
p.

Ef: LetpES and Ki , k2 be the principal curvatures at p,
with pincipal directions e,e2 .

Since H= 0 at p,
[(ki +K2)= => K2 = -KI .

So Kp =Kikn = -In ,2.
let vwETpS .

Wree v= a ,e , tazes ,
w=b

,
e
, +hez

<dNp(v) , dWp(w) > = = - dNp(r) ,-NNp(w)
= - dNp(a ,e,+azer) , -dNp(bie,+brez) >
= Lake, +azkzez

,
bikie,+ bakzez)

= 19 ,K,4- azk
, e2 ,

b, e = bak ,22
- Kia, -area

, bebeezs
=Ki (ab, ce,ez)- acce ,,+2) + arb ,cez,ep

↓ + Gaby <ez ,ez)
<V
, wa

= Cae, +azez
,
behitz)

= -Kp[V ,
w>./


